Abstract. In this paper connections between several classes of "half-linear" differential equations with or without delays are established. By means of these connections, existence of eventually positive solutions can be inferred from the properties of either one of these families of equations.
Introduction
To motivate our concerns in this paper, let us first look at the following four differential equations in a formal manner: (1) (
(x(i) -x(t -r)) a y + q(t)x a (t -a) = 0, (2) ((s'(t))°)' + Q(i)x«(f-a) = 0, (3) (((x(t) + p(t)x(t -»))')<*)' + Q(t)x a (t -a) = 0,

and (4) ((x'(t)) a y + Q(t)x a (t) = 0,
where a is a quotient of positive odd integers and r a positive number. First of all it is clear that an obvious relation exists between (2) and (4) by taking a = 0 in (2) . Next, if we divide equation (1) by r a , then so that one of its "limiting equation" as T -> 0 occurs to be in the form (2) for some appropriate function Q(t). Next, if we take p(t) = 0 in (3), we also obtain equation (2) . The above observations suggest that qualitative properties of the above equations are related when appropriate conditions are imposed.
Several results related to equation (4) have already been reported by Kusano and Norio [1] , and Li and Yeh [2, 3, 4] and others [5, 6, 7] . Therefore, once we have made clear the relationships between these equations, the known results will immediately yield qualitative information for the others. In this paper, we will be mainly concerned with the relations between the eventually positive solutions of these equations. In order to obtain these relations, the relations between these equations and their companion some functional inequalities will be needed first.
We remark that if x = x(t) is a "solution" of one of the above equations, then a constant multiple of it is also a solution of the same equation. For this reason, some authors have called these equations half-linear.
First connection
We first consider the following functional differential equation
and one of its companion functional differential inequality
where a is a quotient of positive odd integers, r is a positive number, a is a nonnegative number, p and q are continuous functions defined on [0, oo) such that q(t) > 0 for t > 0 and q(tk) > 0 for some increasing sequence {t^} which diverges to oo. The function / : R -• R is assumed to be continuous and nondecreasing with f(x) > 0 for x > 0. A function x = x(t) is said to be a solution of (5) if it is continuous for all large t and {{x{t)-p{t)x(t -r)) a )' is continuous and equals -q(t)f(x(t -a)) for all large t. A solution of (6) is similarly defined. (6), the function
will satisfy y'(t) < 0 and y(t) > 0 for all large t.
Proof. In view of (6) and the properties of the functions q and /, [y a (i)]' is eventually nonpositive and does not vanish identically for large t. Thus y(t) is of constant sign and y a~l {t) is positive for all large t. Therefore, y'(t),ay a~1 (t)y'(t) < 0 eventually. Suppose to the contrary that y(t) is eventually negative. Then there exists ti such that x(t) > 0, y'(t) < 0 and
Choosing k* so large that N + k*r > ii, we have
j> 0. Letting j tend to infinity, we see that the right-hand side diverges to -oo, which is contrary to our assumption that x(t) > 0 for t > t\. The proof is complete. Proof. It suffices to show that if (6) has an eventually positive solution x(t), then so does the equation (5). To see this, note that by means of Lemma 1, we may assume that there is M such that for t > M -max(r, a), we have
x(t -a) > 0 and y(t) = x(t) -p(t)x(t -r) > 0. In view of (6),
(y a (t)Y <-q(t)f(x(t-a)), t>M,
so that by integrating from t to infinity, we obtain
for M -max(r, a) <t < M, and 1
for t>M. Consider the sequence of successive approximations: w^(t) = 1 and W(fc+i)(<) = (Fw(k))(t) f°r & = 0,1,2,... Clearly, in view of (7),
.. Thus ask -* oo, w^) converges pointwise to some nonnegative function w(t), and OO
x(t)w(t) = p(t)x{t-T)w(t-T)+[ \ q{s)f(x(s-a)w(s-a)) ds) a , t > M.
Let v(t) = x(t)w(t) for t > M -max(r, a). We assert that v(t) > 0 for t > M-max(r, a). Indeed, since v(t) -x(t) > 0 for M-max(r, a) < t < M,
we may assume that v(t) > 0 for M -max(r, a) < t < t*, where t* > M, and v(t*) = 0. But then
Thus p(t*) -0 and q(s)f(x(s -a)w(s -a)) = 0 for s > t*, which is a contradiction. Finally, it is easily verified that v(t) is a solution of (5). The proof is complete.
Second connection
Next, we consider the following differential equation
and one of its companion differential inequality A function x = x(t) is said to be a solution of (8) if it is continuous for all large t and ((x'(i)) Q )' is continuous and equals -Q(t)f(x(t)) for all large t. A solution of (9) is similarly defined. To see this, note that in view of (9), ((x'(t)) a )' is eventually nonpositive and does not vanish identically for large t. Thus x'(t) is of constant sign for all large t. If x'(t) < 0 for all large t, then there is some number M such that x(t) > 0,x'(t) < 0 and (x'(t))
t> M.
M
As t -> oo, the right hand side tends to -oo, which is a contrary to the fact that x(t) > 0 for t > M. In other words, x'(t) > 0 for all large t.
We may now suppose there is some number T such that x(t) > 0 and x'(t) > 0 for t > T. Integrating (9) twice, we obtain t OO 1 
0<s(T)<u;(fc+1)(t)<ti;(fc)(t)<s(t). * > T > fc = 0,1,2,... Thus as k -> oo, w^(t) converges pointwise to some positive function w*(t), and t OO 1 w*(t) = x(T) + S { S Q{u)f(w*{u)) duyds, t > T. T s
In view of this, it is easily verified that w*(t) is a solution of (8).
The proof is complete.
Third connection
We now set p(t) = 1 in the equation ( 
Proof. Let x(t) be an eventually positive solution of (10) and let y{t) = x(t) -x(t -t) for t > 0. By Lemma 1, we may assume that x(t -r) > 0, y(t) > 0 and y'(t) < 0, for t > M -max(r, cr). For any t > M + r + cr, there is a positive integer k such that t-a -kr e[M -t,M}.
Thus we have fc-i x(t -cr) = x(t -cr
M-r<t<M T ,, " M+2r+<r
^ t-a T m+ 3 2t+<t
for t > M + 2r + a. Then
T«[(Z'(t)) a }' = -q(t)f(x(t -a)) < -q(t)f(Z(t))
for all large t, as desired.
Conversely, let w(t) be an eventually positive solution of (11). It is clear that w(t) is eventually increasing and concave. We may thus assume that 0 < rw'(t) <w(t -T) for t > T, where T is a positive integer. Let ' Tw'(t) t > T, (;t-T + r)w'(T) T -T <t <T,
t<T-r,
H(t) =
and set
In view of the definition of H(t), it is clear that 0 < u(t) < oo for t > T -r,
u(t) -u(t -r) = H(t) = rw'{t), t > T
and max u(t) = TW'(T) > 0.
T-r<t<T
For any t>T+cr, there is a positive integer k such that t-kr-a 6 [T-r, T}.
TW'(T) + J «;'(«) <IS
T-T = TW'(T) + w(t) -W(T -R)< w(t).
Finally,
< -q(t)f(u(t -a))
for all large t. The proof is complete.
Since cr is an arbitrary nonnegative number in (10), we see that if we replace cr by o\ > 0 and <72 > 0 in (10) then we obtain
We see that one of these two equations has an eventually positive solution if and only if the other one has an eventually positive solution.
As another immediate corollary, if we replace the function f(x) with f(u) = u a in (10) and (11) we obtain
and Then we see that one of these two equations has an eventually positive solution if and only if the other one has a,n eventually positive solution. In particular, note that the equation has an eventually positive solution x(t) = t a^a+1 \ thus the following equation
((x(t) -z(t -r))
a y + t° (-^yt-o-ix^t -a) = 0 has an eventually positive solution.
Fourth connection
We now consider the following functional differential equation
(12) (((x(t)+p(t)x(t-r)y)
where a is a quotient of positive odd integers, r is a positive number, a is a nonnegative number, p and q are continuous functions defined on [0, oo) such that q(t) > 0 for t > 0 and q(tk) > 0 for some increasing sequence {¿fc} which diverges to oo. The function / : R -• R is assumed to be continuous and nondecreasing and satisfies f(x) > 0 for x > 0.
A function x = x(t) is said to be a solution of (12) 
if it is continuous for all large t and (((x(i) +p(t)x(t -T))')
01 )' is continuous and equals -q(t)f(x(ta)) for all large t. 
14) Z(t) = x(t)+p(t)x(t-r).
Since p(t) > 0 for t > 0, we see that Z(t) > 0 for t > t\. In view of ((Z'^yy --q(t)f(x(t -a)) < 0 and the assumption on q, we see that (Z'(t)) a is non-increasing for t >t\ and of constant sign for all laxge t. We assert that Z'(t) > 0 for all large t. Otherwise, Z'(t) < 0 for t > t 2 > h. In view of (12),
Z(t) < Z(t 2 ) + Z'(t 2 )(t -t 2 )
and hence we see that lim^oo Z(t) = -oo. But this is a contradiction. Now since we have shown that Z(t) > 0 and Z'(t) for all large t, then by our assumptions on /,
f{x(t -a)) > f{Z{t -a)-p(t -a)x(t -a -T))
> f(Z{t -a)-p(t -a)Z(t -a-T)) > f(Z(t -a -T) -p(t -a)Z(t -a-R)) >Tf(l-p(t-a))f(Z(t-a-r)).
Thus, in view of (12), we have
for all large t. But then by Theorem 2, we see that the equation (13) has an eventually positive solution. The proof is complete. (l -p(t -a))f(y(t -r -a) Proof. Let x(t) be an eventually positive solution of equation (12). Set Z{t) = x(t)+p{t)x(t -T) as in (14). In view of {(Z'(t)) <7 ) 1 = -q(t)f{x{t -a)) < 0 and the assumption on q, we see that Z'(t) and Z(t) are eventually of constant sign.
We first assert that Z'(t) > 0 eventually. Suppose to the contrary that Z'(t) < 0 for all large t. We assert that Z(t) is eventually positive. Otherwise, there would be positive numbers N and (3 such that Z(t) < -¡3 for t > N. Hence
x(t) = -p{t)x(t -r) + Z(t) < x(t -T) + Z(t) <x(T-R)-P
for t > N. By induction, it is easy to see that for j > 1. By taking j -> oo, the right-hand side will be negative, which is a contradiction. Thus there is some T > 0 such that Z(t) > 0, Z'(t) < 0 and [(Z'{t)) a }' < 0 for t > T. In view of (12),
Z{t) < Z'(T)(t -T) + Z(T).
But then by taking t -* oo, the right hand side is negative, which is a contradiction. Now since we have shown that Z'(t) > 0 eventually, we assert that Z(t) is again eventually positive. Suppose to the contrary that Z(t) < 0 eventually. Then lim^oo Z(t) = 7 < 0. However, since x(t + T) -Z(t + T) = -p(t + r))x(t) < -p*x{t), thus by taking limit inferior on both sides, we obtain u) -7 < -p*u).
Thus 7> (1 +p*)u > 0, which is a contradiction.
Since we have shown that Z(t) > 0 and Z'(t) > 0 for all large t, we are in the same situation as in last stage of the proof of Theorem 4. The rest of the proof is the same and it can be omitted.
